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Abstract

Variable and feature selection have become the focus of masdarch in areas of application for
which datasets with tens or hundreds of thousands of vasade available. These areas include
text processing of internet documents, gene expressiay amalysis, and combinatorial chemistry.
The objective of variable selection is three-fold: imprayihe prediction performance of the pre-
dictors, providing faster and more cost-effective pretfigtand providing a better understanding of
the underlying process that generated the data. The cotitriis of this special issue cover a wide
range of aspects of such problems: providing a better defindf the objective function, feature
construction, feature ranking, multivariate feature s, efficient search methods, and feature
validity assessment methods.

Keywords: Variable selection, feature selection, space dimenstgnalduction, pattern discov-
ery, filters, wrappers, clustering, information theorypgort vector machines, model selection,
statistical testing, bioinformatics, computational bigy, gene expression, microarray, genomics,
proteomics, QSAR, text classification, information retaie

1 Introduction

As of 1997, when a special issue on relevance including severatgapevariable and feature
selection was published (Blum and Langley, 1997, Kohavi and Jol@7) 18w domains explored
used more than 40 features. The situation has changed considerablypastifew years and, in
this special issue, most papers explore domains with hundreds to tensisétius of variables or
featurest New techniques are proposed to address these challenging tasks igvobiiy irrelevant
and redundant variables and often comparably few training examples.

Two examples are typical of the new application domains and serve us asititusthroughout
this introduction. One is gene selection from microarray data and the othet isategorization.
In the gene selection problem, the variables are gene expressionieogsficorresponding to the

1. We call “variable” the “raw” input variables and “features” variablmnstructed for the input variables. We use
without distinction the terms “variable” and “feature” when there is no imhpadahe selection algorithms, e.g., when
features resulting from a pre-processing of input variables are @kptiomputed. The distinction is necessary in
the case of kernel methods for which features are not explicitly cordfsée section 5.3).
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abundance of mRNA in a sample (e.g. tissue biopsy), for a number of patiartgical clas-
sification task is to separate healthy patients from cancer patients, basieeirogene expression
“profile”. Usually fewer than 100 examples (patients) are available altegébh training and test-
ing. But, the number of variables in the raw data ranges from 6000 to 605a00e initial filtering
usually brings the number of variables to a few thousand. Because thdaine of mMRNA varies
by several orders of magnitude depending on the gene, the variablesially standardized. In the
text classification problem, the documents are represented by a “hagrd$”, that is a vector of
dimension the size of the vocabulary containing word frequency courtgdpnormalization of the
variables also apply). Vocabularies of hundreds of thousands afsaare common, but an initial
pruning of the most and least frequent words may reduce the effeativder of words to 15,000.
Large document collections of 5000 to 800,000 documents are availablestarch. Typical tasks
include the automatic sorting of URLs into a web directory and the detectionsoliaited email
(spam). For a list of publicly available datasets used in this issue, see Tattleelend of the paper.

There are many potential benefits of variable and feature selection: taugitata visualization
and data understanding, reducing the measurement and storagememqis,ereducing training and
utilization times, defying the curse of dimensionality to improve prediction perfocga Some
methods put more emphasis on one aspect than another, and this is amathef plistinction
between this special issue and previous work. The papers in this issigerf@inly on constructing
and selectingubsets of featurebat areusefulto build a good predictor. This contrasts with the
problem of finding or ranking all potentially relevant variables. Selectiegrbst relevant variables
is usually suboptimal for building a predictor, particularly if the variablesedeindant. Conversely,
a subset of useful variables may exclude many redundant, but relgesiables. For a discussion
of relevancers. usefulness and definitions of the various notions of relevance, see/ibe egticles
of Kohavi and John (1997) and Blum and Langley (1997).

This introduction surveys the papers presented in this special issuedeplie of treatment of
various subjects reflects the proportion of papers covering them: thiepr@f supervised learning
is treated more extensively than that of unsupervised learning; classifigaoblems serve more
often as illustration than regression problems, and only vectorial inpuisiedasidered. Complex-
ity is progressively introduced throughout the sections: The first sestarts by describinlters
that select variables by ranking them with correlation coefficients (Segjiohimitations of such
approaches are illustrated by a set of constructed examples (SectiSat®et selection methods
are then introduced (Section 4). These includapper methodthat assess subsets of variables ac-
cording to their usefulness to a given predictor. We show how some emtb@dethods implement
the same idea, but proceed more efficiently by directly optimizing a two-ppetidke function with
a goodness-of-fit term and a penalty for a large number of variablesh& turn to the problem of
feature construction, whose goals include increasing the predictarpenfice and building more
compact feature subsets (Section 5). All of the previous steps bemefitréliably assessing the
statistical significance of the relevance of features. We briefly review hsetkction methods and
statistical tests used to that effect (Section 6). Finally, we conclude tres péth a discussion sec-
tion in which we go over more advanced issues (Section 7). Becausegdmazation of our paper
does not follow the work flow of building a machine learning application, we sutzmhe steps
that may be taken to solve a feature selection problem in a chetk list

2. We caution the reader that this check list is heuristic. The only recofatien that is almost surely valid is to try
the simplest things first.
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. Do you have domain knowledge?f yes, construct a better set of “ad hoc” features.
. Are your features commensurate?f no, consider normalizing them.

. Do you suspect interdependence of featured®Pyes, expand your feature set by constructing

conjunctive features or products of features, as much as your compatirces allow you
(see example of use in Section 4.4).

. Do you need to prune the input variables(e.g. for cost, speed or data understanding rea-

sons)? If no, construct disjunctive features or weighted sums ofre=afe.g. by clustering
or matrix factorization, see Section 5).

. Do you need to assess features individuallg.g. to understand their influence on the system

or because their number is so large that you need to do a first filtering§,ltige a variable
ranking method (Section 2 and Section 7.2); else, do it anyway to get basetinlts.

. Do you need a predictor?If no, stop.

. Do you suspect your data is “dirty” (has a few meaningless input patterns and/or noisy

outputs or wrong class labels)? If yes, detect the outlier examples usirtgghanking
variables obtained in step 5 as representation; check and/or discard them.

. Do you know what to try first? If no, use a linear predictérUse a forward selection method

(Section 4.2) with the “probe” method as a stopping criterion (Section 6)ethefy-norm
embedded method (Section 4.3). For comparison, following the rankingmbstnstruct
a sequence of predictors of same nature using increasing subsedsuoé$e Can you match
or improve performance with a smaller subset? If yes, try a non-lineaigpoedvith that
subset.

. Do you have new ideas, time, computational resources, and endugxamples? If yes,

compare several feature selection methods, including your new ideealatimm coefficients,
backward selection and embedded methods (Section 4). Use linear atide@rpredictors.
Select the best approach with model selection (Section 6).

Do you want a stable solution(to improve performance and/or understanding)? If yes, sub-
sample your data and redo your analysis for several “bootstrapstigge’.1).

2 Variable Ranking

Many variable selection algorithms include variable ranking as a principauwitiary selection

mechanism because of its simplicity, scalability, and good empirical sucomas.abpapers in this
issue use variable ranking as a baseline method (see, e.g., Bekkerntare@®3% Caruana and
de Sa, 2003, Forman, 2003, Weston et al., 2003). Variable ranking regessarily used to build
predictors. One of its common uses in the microarray analysis domain is to elisteet of drug

leads (see, e.g., et al., 1999): A ranking criterion is used to find genedifitaiiminate between
healthy and disease patients; such genes may code for “drugableihpraie proteins that may

3. By “linear predictor” we mean linear in the parameters. Feature canistn may render the predictor non-linear in
the input variables.
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themselves be used as drugs. Validating drug leads is a labor intensblerprim biology that is
outside of the scope of machine learning, so we focus here on buildidgcfmes. We consider in
this section ranking criteria defined for individual variables, indepetiglef the context of others.
Correlation methods belong to that category. We also limit ourselves to ssgetgarning criteria.
We refer the reader to Section 7.2 for a discussion of other techniques.

2.1 Principle of the Method and Notations

Consider a set ofn examples{x, Yk} (k= 1,...m) consisting ofn input variables; (i = 1,...n)
and one output variablg. Variable ranking makes use of a scoring funct®&n computed from
the valuesx; andyy, k= 1,..m. By convention, we assume that a high score is indicative of a
valuable variable and that we sort variables in decreasing ord&i JofTo use variable ranking to
build predictors, nested subsets incorporating progressively mormaredvariables of decreasing
relevance are defined. We postpone until Section 6 the discussion ciirsglan optimum subset
size.

Following the classification of Kohavi and John (1997), variable ranidrafilter method: it is
a preprocessing step, independent of the choice of the predictor. &diélr aertain independence or
orthogonality assumptions, it may be optimal with respect to a given predktoinstance, using
Fisher’s criteriofi to rank variables in a classification problem where the covariance matrixgs dia
onal is optimum for Fisher’s linear discriminant classifier (Duda et al., 0Bten when variable
ranking is not optimal, it may be preferable to other variable subset selenttimods because of
its computational and statistical scalability: Computationally, it is efficient sinegjitires only the
computation oh scores and sorting the scores; Statistically, it is robust against overbgirause
it introduces bias but it may have considerably less variance (Hastie 2061.)°

We introduce some additional notation: If the input vectoan be interpreted as the realization
of a random vector drawn from an underlying unknown distribution, @ote byX; the random
variable corresponding to th#® component ok. Similarly,Y will be the random variable of which
the outcomey is a realization. We further denote kxy the m dimensional vector containing all
the realizations of th&" variable for the training examples, and pythe m dimensional vector
containing all the target values.

2.2 Correlation Criteria
Let us consider first the prediction of a continuous outcgmé&he Pearson correlation coefficient
is defined as:

cov(X;,Y)

()= var(X)var(Y) ’ @)

wherecovdesignates the covariance arat the variance. The estimate &fi) is given by:

: Skt (Xi — %) (Yk—Y)
R(i) = , )
Y TS 3 U @)

4. The ratio of the between class variance to the within-class variance.

5. The similarity of variable ranking to the ORDERED-FS algorithm (Ng, }988icates that its sample complexity
may be logarithmic in the number of irrelevant features, compared tavargaw for “wrapper” subset selection
methods. This would mean that variable ranking can tolerate a humbeelgvant variables exponential in the
number of training examples.
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where the bar notation stands for an average over the ikdéhis coefficient is also the cosine
between vectorg; andy, after they have been centered (their mean subtracted). Althoudrtithe

is derived fromZR (i) it may be used without assuming that the input values are realizations of a
random variable.

In linear regression, the coefficient of determination, which is the sqpfdRé ), represents the
fraction of the total variance around the mean valtleat is explained by the linear relation between
x; andy. Therefore, usindR(i)? as a variable ranking criterion enforces a ranking according to
goodness of linear fit of individual variablés.

The use ofR(i)? can be extended to the case of two-class classification, for which eash cla
label is mapped to a given value nfe.g.,41. R(i)2 can then be shown to be closely related to
Fisher’s criterion (Furey et al., 2000), to the T-test criterion, and oshrailar criteria (see, e.g.,
et al., 1999, Tusher et al., 2001, Hastie et al., 2001). As further deselmm Section 6, the link
to the T-test shows that the scd®é) may be used as a test statistic to assess the significance of a
variable.

Correlation criteria such &g(i) can only detect linear dependencies between variable and tar-
get. A simple way of lifting this restriction is to make a non-linear fit of the target sitigle
variables and rank according to the goodness of fit. Because of thaf wsterfitting, one can alter-
natively consider using non-linear preprocessing (e.g., squaririggtile square root, the log, the
inverse, etc.) and then using a simple correlation coefficient. Correlaiteni@rare often used for
microarray data analysis, as illustrated in this issue by Weston et al. (2003).

2.3 Single Variable Classifiers

As already mentioned, usirR(i)? as a ranking criterion faegressiorenforces a ranking according
to goodness of linear fit of individual variables. One can extend toltssificationcase the idea of
selecting variables according to their individual predictive power, ussgyiterion the performance
of a classifier built with a single variable. For example, the value of the Jaritse|f (or its negative,
to account for class polarity) can be used as discriminant function. Aifiexss obtained by setting
a threshold on the value of the variable (e.g., at the mid-point between the center dafygothe
two classes).

The predictive power of the variable can be measured in terms of erroBatevarious other
criteria can be defined that involve false positive classificationfratand false negative classifi-
cation ratefnr. The tradeoff betweefpr andfnr is monitored in our simple example by varying
the threshol®. ROC curves that plot “hit” rat€l-fpr) as a function of “false alarm” rater are
instrumental in defining criteria such as: The “Break Even Point” (the tetfix a threshold value
corresponding tépr=fnr) and the “Area Under Curve” (the area under the ROC curve).

In the case where there is a large number of variables that separataahmedactly, ranking
criteria based on classification success rate cannot distinguish betveetptranking variables.
One will then prefer to use a correlation coefficient or another statistic l&kenrgin (the distance
between the examples of opposite classes that are closest to one anoéhgiven variable).

6. A variant of this idea is to use the mean-squared-error, but, if theblas are not on comparable scales, a comparison
between mean-squared-errors is meaningless. Another variantssRiilito rank variables, ndR(i)2. Positively
correlated variables are then top ranked and negatively correlatiedblesrbottom ranked. With this method, one
can choose a subset of variables with a given proportion of positivelyhagatively correlated variables.
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The criteria described in this section extend to the case of binary variabtesnan (2003)
presents in this issue an extensive study of such criteria for binaryolesiwith applications in text
classification.

2.4 Information Theoretic Ranking Criteria

Several approaches to the variable selection problem using informatiometicecriteria have been
proposed (as reviewed in this issue by Bekkerman et al., 2003, Dhilldn 2083, Forman, 2003,
Torkkola, 2003). Many rely on empirical estimates of the mutual informatitwésen each variable
and the target:
. P(%i,Y)
1= [ pos o0y ©

wherep(x;) and p(y) are the probability densities &f andy, and p(x;,y) is the joint density. The
criterion I(i) is a measure of dependency between the density of vartabled the density of the
targety.

The difficulty is that the densitiep(X;), p(y) and p(x,y) are all unknown and are hard to
estimate from data. The case of discrete or nominal variables is probamgeaecause the integral
becomes a sum:

PX=x,Y=Yy)

1) =2 > PX=X.Y =y)loggr— 57—y} )
Xy |

The probabilities are then estimated from frequency counts. For exampéethree-class
problem, if a variable takes 4 valueB(Y =y) represents the class prior probabilities (3 fre-
quency counts)P(X = x;) represents the distribution of the input variable (4 frequency counts),
andP(X = x;,Y =) is the probability of the joint observations (12 frequency counts). Ttimas
tion obviously becomes harder with larger numbers of classes and varabés.

The case of continuous variables (and possibly continuous targets) matbest. One can
consider discretizing the variables or approximating their densities with ga@metric method
such as Parzen windows (see, e.g., Torkkola, 2003). Using the ndistabution to estimate
densities would bring us back to estimating the covariance betweandY, thus giving us a
criterion similar to a correlation coefficient.

3 Small but Revealing Examples

We present a series of small examples that outline the usefulness and the Inwitz#tieariable
ranking techniques and present several situations in which the variapendencies cannot be
ignored.

3.1 Can Presumably Redundant Variables Help Each Other?

One common criticism of variable ranking is that it leads to the selection of adeaht subset. The
same performance could possibly be achieved with a smaller subset of coempéey variables.
Still, one may wonder whether adding presumably redundant variablagsalhin a performance
gain.
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Figure 1:Information gain from presumably redundant variables. (a) A two class problem with
independently and identically distributed (i.i.d.) variables. Each class hasissi@a distribution
with no covariance. (b) The same example after a 45 degree rotation ghthsitna combination
of the two variables yields a separation improvement by a fa¢®rl.i.d. variables are not truly
redundant.

Consider the classification problem of Figure 1. For each class, we atreesndomm = 100
examples, each of the two variables being drawn independently acctodimgprmal distribution of
standard deviation 1. The class centers are placed at coordinatdg &dd (1; 1). Figure 1.a shows
the scatter plot in the two-dimensional space of the input variables. Wetalaoos the same figure
histograms of the projections of the examples on the axes. To facilitate itsge#dirscatter plot is
shown twice with an axis exchange. Figure 1.b shows the same scatter otsfafty five degree
rotation. In this representation, the x-axis projection provides a bettaratigmn of the two classes:
the standard deviation of both classes is the same, but the distance betnts m projection is
now 2/2 instead of 2. Equivalently, if we rescale the x-axis by dividingJ® to obtain a feature
that is the average of the two input variables, the distance between cisrgfis2, but the within
class standard deviation is reduced by a fagf@r This is not so surprising, since by averaging
i.i.d. random variables we will obtain a reduction of standard deviation bytarfaf \/n. Noise
reduction and consequently better class separation may be obtaéd by adding variables that
are presumably redundant. Variables that are independently and identically distributed are not
truly redundant.

3.2 How Does Correlation Impact Variable Redundancy?

Another notion of redundancy is correlation. In the previous exampleite ef the fact that the
examples are i.i.d. with respect to the class conditional distributions, the eriate correlated
because of the separation of the class center positions. One may womdeatiable redundancy
is affected by adding within-class variable correlation. In Figure 2, tresalanters are positioned
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Figure 2:Intra-class covariance.In projection on the axes, the distributions of the two variables are
the same as in the previous example. (a) The class conditional distributiana héyh covariance

in the direction of the line of the two class centers. There is no significantya@paration by using
two variables instead of just one. (b) The class conditional distributioves &digh covariance in
the direction perpendicular to the line of the two class centers. An importpatag@n gain is
obtained by using two variables instead of one.

similarly as in the previous example at coordinates (-1; -1) and (1; 1) bubave added some
variable co-variance. We consider two cases:

In Figure 2.a, in the direction of the class center line, the standard devidtiba olass condi-
tional distributions isy/2, while in the perpendicular direction it is a small valae=(1/10). With
this construction, as goes to zero, the input variables have the same separation power as in the
case of the example of Figure 1, with a standard deviation of the class disinibwf one and a
distance of the class centers of 2. But the feature constructed as thef suennput variables has
no better separation power: a standard deviatioff@fnd a class center separation ¢f2(a sim-
ple scaling that does not change the separation power). Therefdhe limit of perfect variable
correlation (zero variance in the direction perpendicular to the classrderd} single variables
provide the same separation as the sum of the two variaBledectly correlated variables are
truly redundant in the sense that no additional information is gainedby adding them.

In contrast, in the example of Figure 2.b, the first principal direction of dvaigance matrices
of the class conditional densities is perpendicular to the class center lineisloate, more is
gained by adding the two variables than in the example of Figure 1. One nibtatess spite of their
great complementarity (in the sense that a perfect separation can beegdhithe two-dimensional
space spanned by the two variables), the two variables are (antilgted.eMore anti-correlation
is obtained by making the class centers closer and increasing the ratio @fritveces of the class
conditional distributions.Very high variable correlation (or anti-correlation) does not mean
absence of variable complementarity.
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The examples of Figure 1 and 2 all have variables with the same distributiommofptes (in
projection on the axis). Therefore, methods that score variables indilydand independently of
each other are at loss to determine which combination of variables woultestgerformance.

3.3 Can a Variable that is Useless by Itself be Useful with O#rs?

One concern about multivariate methods is that they are prone to overfittiegoroblem is aggra-
vated when the number of variables to select from is large compared to higenwf examples.
It is tempting to use a variable ranking method to filter out the least promisingolesibefore us-
ing a multivariate method. Still one may wonder whether one could potentially ¢tose galuable
variables through that filtering process.

We constructed an example in Figure 3.a. In this example, the two class coaddistmibu-
tions have identical covariance matrices, and the principal directiongiarded diagonally. The
class centers are separated on one axis, but not on the other. By iitselfnable is “useless”.
Still, the two dimensional separation is better than the separation using thel"usefable alone.
Thereforea variable that is completely useless by itself can provide a significantgpformance
improvement when taken with others.

The next question is whether two variables that are useless by themsaivpsovide a good
separation when taken together. We constructed an example of suah nspsred by the famous
XOR problem’ In Figure 3.b, we drew examples for two classes using four Gaussiarespta
the corners of a square at coordinates (0; 0), (0; 1), (1; 0), Ent)( The class labels of these four
“clumps” are attributed according to the truth table of the logical XOR funcfi@:0)=0, f(0; 1)=1,
f(1; 0)=1; f(1; 1)=0. We notice that the projections on the axes pronmlelass separation. Yet,
in the two dimensional space the classes can easily be separated (allvdithretiinear decision
function)® Two variables that are useless by themselves can be useful togeth

7. The XOR problem is sometimes referred to as the two-bit parity problemisageneralizable to more than two
dimensions (n-bit parity problem). A related problem is the chessbaatolgm in which the two classes pave
the space with squares of uniformly distributed examples with alternating kelasls. The latter problem is also
generalizable to the multi-dimensional case. Similar examples are usedenalggapers in this issue (Perkins et al.,
2003, Stoppiglia et al., 2003).

8. Incidentally, the two variables are also uncorrelated with one another.
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(a)
Figure 3: A variable useless by itself can be useful together with othergia) One variable has
completely overlapping class conditional densities. Still, using it jointly with therothdable
improves class separability compared to using the other variable aloneO@)liXe or chessboard-
like problems. The classes consist of disjoint clumps such that in projeatitinecaxes the class
conditional densities overlap perfectly. Therefore, individual véegihave no separation power.
Still, taken together, the variables provide good class separability .

4 Variable Subset Selection

In the previous section, we presented examples that illustrate the usefolnsslecting subsets

of variables that together have good predictive power, as opposemkong variables according

to their individual predictive power. We now turn to this problem and outlirgertfain directions

that have been taken to tackle it. They essentially divide into wrapperssfiiad embedded
methods. Wrappers utilize the learning machine of interest as a black box to score subsets of
variable according to their predictive poweiilters select subsets of variables as a pre-processing
step, independently of the chosen prediciEmbeddedmethods perform variable selection in the
process of training and are usually specific to given learning machines.

4.1 Wrappers and Embedded Methods

The wrapper methodology, recently popularized by Kohavi and Job@7(] offers a simple and
powerful way to address the problem of variable selection, regardfeb& chosen learning ma-
chine. In fact, the learning machine is considered a perfect black bothanmdethod lends itself
to the use of off-the-shelf machine learning software packages. In itsgansral formulation, the
wrapper methodology consists in using the prediction performance oka tgarning machine to
assess the relative usefulness of subsets of variables. In practeceeeds to define: (i) how to
search the space of all possible variable subsets; (ii) how to assesthetipn performance of
a learning machine to guide the search and halt it; and (iii) which predictoretoArs exhaustive

search can conceivably be performed, if the number of variables tvaddrge. But, the problem
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is known to be NP-hard (Amaldi and Kann, 1998) and the search beagunedy computationally
intractable. A wide range of search strategies can be used, includiifregdranch-and-bound,
simulated annealing, genetic algorithms (see Kohavi and John, 1997 rdégiesv). Performance
assessments are usually done using a validation set or by cross-valigato8ection 6). As il-
lustrated in this special issue, popular predictors include decision traigs, Bayes, least-square
linear predictors, and support vector machines.

Wrappers are often criticized because they seem to be a “brute for¢ceddequiring massive
amounts of computation, but it is not necessarily so. Efficient seardbgitta may be devised. Us-
ing such strategies does not necessarily mean sacrificing predictiammparfce. In fact, it appears
to be the converse in some cases: coarse search strategies may alle\pabbldma of overfitting,
as illustrated for instance in this issue by the work of Reunanen (200&ed@rsearch strategies
seem to be particularly computationally advantageous and robust agaenfitiog. They come in
two flavors: forward selectiorandbackward elimination In forward selection, variables are pro-
gressively incorporated into larger and larger subsets, whereaskwaal elimination one starts
with the set of all variables and progressively eliminates the least promisiegf Both methods
yield nested subsetsf variables.

By using the learning machine as a black box, wrappers are remarkaigrsal and simple.
But embedded methods that incorporate variable selection as part ofithiegnarocess may be
more efficient in several respects: they make better use of the availablbydaot needing to split
the training data into a training and validation set; they reach a solution fasé@oling retraining
a predictor from scratch for every variable subset investigated. Eteldechethods are not new:
decision trees such as CART, for instance, have a built-in mechanismftorperariable selection
(Breiman et al., 1984). The next two sections are devoted to two families oédaeld methods
illustrated by algorithms published in this issue.

4.2 Nested Subset Methods

Some embedded methods guide their search by estimating changes in the efijediion value
incurred by making moves in variable subset space. Combined with greadshsstrategies (back-
ward elimination or forward selection) they yield nested subsets of vari&bles

Let us calls the number of variables selected at a given algorithm step)&)dhe value of
the objective function of the trained learning machine using such a variabses Predicting the
change in the objective function is obtained by:

1. Finite difference calculation: The difference betweed(s) andJ(s+ 1) or J(s— 1) is com-
puted for the variables that are candidates for addition or removal.

2. Quadratic approximation of the cost function: This method was originally proposed to
prune weights in neural networks (LeCun et al., 1990). It can be imduackward elimi-
nation of variables, via the pruning of the input variable weightsA second order Taylor
expansion of] is made. At the optimum ad, the first-order term can be neglected, yield-

9. The name greedy comes from the fact that one never revisits faleesions to include (or exclude) variables in
light of new decisions.
10. The algorithms presented in this section and in the following generalgfibélm variable normalization, except if
they have an internal normalization mechanism like the Gram-Schmidtgamiadization procedure .
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ing for variablei to the variationDJ; = (1/2)$(Dwi)2. The change in weighdw; = w;
corresponds to removing variable

3. Sensitivity of the objective function calculation: The absolute value or the square of the
derivative ofJ with respect tog (or with respect tav;) is used.

Some training algorithms lend themselves to using finite differences (methodd)dmeexact
differences can be computed efficiently, without retraining new modelsdicn candidate variable.
Such is the case for the linear least-square model: The Gram-Schmidt@rtiizgtion procedure
permits the performance of forward variable selection by adding at ¢éaghhe variable that most
decreases the mean-squared-error. Two papers in this issue ateddevthis technique (Stoppiglia
et al., 2003, Rivals and Personnaz, 2003). For other algorithms likek®ethods, approximations
of the difference can be computed efficiently. Kernel methods are lgamathines of the form
f(x) = Y, 0kK(x,xk), whereK is the kernel function, which measures the similarity between
andxg (Schoelkopf and Smola, 2002). The variationJ{is) is computed by keeping the values
constant. This procedure originally proposed for SVMs (Guyon et@D2pis used in this issue as
a baseline method (Rakotomamonjy, 2003, Weston et al., 2003).

The “optimum brain damage” (OBD) procedure (method 2) is mentioned in thig issthe
paper of Rivals and Personnaz (2003). The case of linear presiicgtor=w-x+ b is particularly
simple. The authors of the OBD algorithm advocate udidyinstead of the magnitude of the
weights|w;| as pruning criterion. However, for linear predictors trained with an abgefunction
J that is quadratic inv; these two criteria are equivalent. This is the case, for instance, for tla line
least square model usinh= S ;(W- Xk +b—yk)? and for the linear SVM or optimum margin
classifier, which minimizes = (1/2)||w||?, under constraints (Vapnik, 1982). Interestingly, for
linear SVMs the finite difference method (method 1) and the sensitivity methothdohé&) also
boil down to selecting the variable with smallést| for elimination at each step (Rakotomamonjy,
2003).

The sensitivity of the objective function to changesn(method 3) is used to devise a forward
selection procedure in one paper presented in this issue (Perkins &048), 2pplications of this
procedure to a linear model with a cross-entropy objective functionrasepted. In the formulation
proposed, the criterion is the absolute valueg,‘%vé;f: Skeq %g—vp;, wherepy = yk f(xk). In the case
of the linear modeff (x) = w- x + b, the criterion has a simple geometrical interpretation: it is the
the dot product between the gradient of the objective function with ct$péhe margin values and

the vectoﬂg—\‘,’v‘: = X Yk]k=1..m- For the cross-entropy loss function, we hag-é%k‘:: H—lepf

An interesting variant of the sensitivity analysis method is obtained by replaleenobjective
function by theleave-one-outross-validation error. For some learning machines and some ob-
jective functions, approximate or exact analytical formulas of the leageent error are known.

In this issue, the case of the linear least-square model (Rivals andnRazs®003) and SVMs
(Rakotomamonjy, 2003) are treated. Approximations for non-linear |leastrss have also been
computed elsewhere (Monari and Dreyfus, 2000). The propos@b&btomamonjy (2003) is to
train non-linear SVMs (Boser et al., 1992, Vapnik, 1998) with a reguksiniing procedure and
select features with backward elimination like in RFE (Guyon et al., 2002¢ vEhniable ranking
criterion however is not computed using the sensitivity of the objectivetifumd, but that of a
leave-one-out bound.
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4.3 Direct Objective Optimization

A lot of progress has been made in this issue to formalize the objective fulnétiraniable selection
and find algorithms to optimize it. Generally, the objective function consists ofdmmos that com-
pete with each other: (1) thlgpoodness-of-fit(to be maximized), and (2) theumber of variables
(to be minimized). This approach bears similarity with two-part objective funstamnsisting of
a goodness-of-fit term and a regularization term, particularly when fheteff the regularization
term is to “shrink” parameter space. This correspondence is formallplissted in the paper of
Weston et al. (2003) for the particular case of classification with lineatiqgias f (X) = w- X+ b,
in the SVM framework (Boser et al., 1992, Vapnik, 1998). Shrinkingulagzers of the type
[lwl[p = (TP, wP)Y/P (¢p-norm) are used. In the limit a8 — 0, the,-norm is just the number
of weights, i.e., the number of variables. Weston et al. proceed with shawaighe/o-norm
formulation of SVMs can be solved approximately with a simple modification of thélassVM
algorithm:

1. Train aregular linear SVM (using-norm or/z-norm regularization).

2. Re-scale the input variables by multiplying them by the absolute values cbthponents of
the weight vectow obtained.

3. lterate the first 2 steps until convergence.

The method is reminiscent of backward elimination procedures based om#iflest|w;|. Variable
normalization is important for such a method to work properly.

Weston et al. note that, although their algorithm only approximately minimize&gtherm, in
practice it may generalize better than an algorithm that really did minimiz&therm, because the
latter would not provide sufficient regularization (a lot of variance resiagtause the optimization
problem has multiple solutions). The need for additional regularization issaisssed in the paper
of Perkins et al. (2003). The authors use a three-part objectiveidunthat includes goodness-
of-fit, a regularization term/¢-norm or ¢,-norm), and a penalty for large numbers of variables
(¢o-norm). The authors propose a computationally efficient forward sefeoiethod to optimize
such objective.

Another paper in the issue, by Bi et al. (2003), uéesorm SVMs, without iterative multi-
plicative updates. The authors find that, for their application/{heorm minimization suffices to
drive enough weights to zero. This approach was also taken in the tohteast-square regression
by other authors (Tibshirani, 1994). The number of variables canrtfeefureduced by backward
elimination.

To our knowledge, no algorithm has been proposed to directly minimize thearuohlyari-
ables for non-linear predictors. Instead, several authors hagtitstdd for the problem of variable
selection that of variable scaling (Jebara and Jaakkola, 2000, Wesabn 2000, Grandvalet and
Canu, 2002). The variable scaling factors are “hyper-parametdjsstad by model selection. The
scaling factors obtained are used to assess variable relevance. At\agirtae method consists
of adjusting the scaling factors by gradient descent on a bound of the-teee-out error (Weston
et al., 2000). This method is used as baseline method in the paper of Westoi2€03) in this
issue.
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4.4 Filters for Subset Selection

Several justifications for the use of filters for subset selection have fngeforward in this special
issue and elsewhere. It is argued that, compared to wrappers, fikeimster. Still, recently pro-
posed efficient embedded methods are competitive in that respect. Anggbereant is that some
filters (e.g. those based on mutual information criteria) provide a genéeictism of variables, not
tuned for/by a given learning machine. Another compelling justification is tettifig can be used
as a preprocessing step to reduce space dimensionality and overcafitgéray.e

In that respect, it seems reasonable to use a wrapper (or embedded)wégtha linear pre-
dictor as a filter and then train a more compi®n-linearpredictor on the resulting variables. An
example of this approach is found in the paper of Bi et al. (2003): a lifieaorm SVM is used for
variable selection, but a non-line&r-norm SVM is used for prediction. The complexity of linear
filters can be ramped up by adding to the selection process products dbivammbles (monomi-
als of a polynomial) and retaining the variables that are part of any selpwiedmial. Another
predictor, e.g., a neural network, is eventually substituted to the polynonpairform predictions
using the selected variables (Rivals and Personnaz, 2003, Stoppiglia 2003). In some cases
however, one may on the contrary want to reduce the complexity of lineas fiti@vercome over-
fitting problems. When the number of examples is small compared to the numlzeiaifles (in the
case of microarray data for instance) one may need to resort to seleatiaflgs with correlation
coefficients (see Section 2.2).

Information theoretic filtering methods such as Markov blahkatgorithms (Koller and Sa-
hami, 1996) constitute another broad family. The justification for classificatioblems is that the
measure of mutual information does not rely on any prediction procesgrdnides a bound on the
error rate using any prediction scheme for the given distribution. We thawe any illustration of
such methods in this issue for the problem of variable subset selectioref&véhre interested reader
to Koller and Sahami (1996) and references therein. However, thef nsgtual information criteria
for individual variable ranking was covered in Section 2 and applicatideature construction and
selection are illustrated in Section 5.

5 Feature Construction and Space Dimensionality Reduction

In some applications, reducing the dimensionality of the data by selecting et sflike original
variables may be advantageous for reasons including the expenseinfinstiring and processing
measurements. If these considerations are not of concern, other wfegpace dimensionality
reduction should also be considered.

The art of machine learning starts with the design of appropriate datesespations. Better
performance is often achieved using features derived from the drigipat. Building a feature
representation is an opportunity to incorporate domain knowledge into thamttzan be very ap-
plication specific. Nonetheless, there are a number of generic featusgwction methods, includ-
ing: clustering; basic linear transforms of the input variables (PCA/SMDA);. more sophisticated
linear transforms like spectral transforms (Fourier, Hadamard), welvatesforms or convolutions
of kernels; and applying simple functions to subsets of variables, likauptedb create monomials.

11. The Markov blanket of a given variablgis a set of variables not including that renderx; “unnecessary”. Once
a Markov blanket is foundy can safely be eliminated. Furthermore, in a backward elimination proeetwvill
remain unnecessary at later stages.
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